Abstract: New empirical M-shell X-ray production cross sections have been deduced by introducing the dependence of the universal trend of the experimental data on the atomic number of the target, noted as "Z-dependence" for semiempirical cross sections in our previous work. For this effect, the updated experimental data (from 1980 to 2009) are used to calculate the empirical cross sections for heavy elements with 60 ≤ Z ≤ 90 by proton impact. Finally, a comparison is made between the deduced results and other earlier works.
Introduction
There are different theoretical approaches developed to describe the inner shell ionization process by charged particles, namely the plan wave Born approximation (PWBA) [1] , the semiclassical approximation (SCA) [2] , and the classical approach, known as the binary-encounter approximation (BEA) [3] and the ECPSSR model [4, 5] , which is the most advanced approach based on the PWBA theory to account for energy (E) loss and Coulomb (C) deflection of the projectile and the perturbed stationary state (PSS) and relativistic (R) nature of the target's inner-shell. Despite these approaches, the theoretical predictions deviate significantly, especially at low energies, from the experimental values. This motivated us to try, after a first attempt on the semiempirical cross section [6] , to deduce an empirical cross section taking into account the universal trend of the experimental data for the collective treatment [7] [8] [9] [10] and their spread to introduce the dependence of M-shell X-ray production cross section on the atomic number of the target (Z-dependence).
In addition to the semiempirical cross sections previously calculated [6] , we tried, in the present work, to investigate our previous procedure, noted as 'Z-dependence', to deduce new empirical M-shell X-ray production cross sections for a wide range of elements (60 ≤ Z ≤ 90) by proton impact (0.1-4.0 MeV). Moreover, the present calculation was done by using the updated experimental data collected from different sources [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Then the obtained results were compared with those of other earlier works.
Empirical M X-ray production cross sections
Measured M X-ray production cross sections (658 data points; see Table 1 in Ref. [6] ) collected from different sources [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] for protons energies 0.1-4.0 MeV are found to be universal when plotted, in a logarithmic scale, as a function of the scaled velocity ξ M given as [19] 
where
This is shown in Figure 1 for elements with 60 ≤ Z ≤ 90. The universal character of M X-ray production cross sections allows us to derive an empirical cross section in the framework of the collective analysis; the set of the experimental data is fitted by a first order exponential decay function as
The fitting coefficients ( r 0 , r 1 , and r) are presented in Table 1 . The fitting result is shown in Figure 1 by a solid line. Moreover, as indicated in our previous work [6] , the choice of the fitting functions in the present work depends only on the evolution of the distribution of the experimental data.
On the other hand, as can be seen from Figure 1 , a remarkable spread is observed of the distribution of the experimental data. This fact can be exploited to introduce the Z-dependence of this distribution instead of the dependence only on the scaled velocity parameter (collective analysis). Then measured M X-ray production cross sections are presented in Figure 2 as a function of the scaled velocity parameter and the atomic number of the target (Z). We suggest, in this work, the linear dependence on the atomic number of the distribution of the measured M X-ray production cross sections (see Figure 2) . Then the previous function (Eq. (2)) becomes
where Z is the atomic number of the target. The fitting coefficients (r 0 , r 1 , r 2 , r 3 , and r) for the Z-dependence procedure are also presented in Table 1 . The Z-dependence fits are also represented by a surface in Figure 2 . Table 1 . Coefficients to deduce the empirical cross sections for elements with 60 ≤ Z ≤ 90 by using collective (Eqs.
(2) and (4)) and Z-dependence (Eqs. (3) and (5) We note that the symbol emp.1 is used to denote the fitting coefficients and their corresponding calculations in the previous part. On the other hand, a plot of ln
as a function of ln (E/λU M ) exhibits a single and approximately universal curve, where
is the average binding energy of the M shell [18] , Z 1 and E are the charge and the energy of the projectile (Z 1 = 1 for proton), respectively, λ is the ratio of proton mass to electron mass, and σ I M is the total ionization cross section, which is related to the total X-ray production cross section, σ
, whereω M is the average fluorescence yield of the M −shell [21] . experimental data of the M-shell X-ray production cross sections for elements with 60 ≤ Z ≤ 90 (the same experimental data used in the previous part). Indeed, it can be seen that U
/ω M is found to be universal when plotted in a logarithmic scaling as a function of the reduced proton energyE/λU M . Consequently, we calculate the empirical M-shell X-ray production cross sections by collective fitting the available experimental data by the same form as previously (Eq. (2)):
Furthermore, to introduce the Z-dependence of the distribution of the experimental data ( ln
ln (E/λU M )) , in Figure 4 we plot ln
as a function of ln (E/λU M ) and the atomic number of the target (Z). In this work, we suggest the linear dependence on the atomic number of the cross sections
); this allows us to fit the experimental data as follows:
The fitting coefficients ( r 0 , r 1 , r 2 , r 3 , and r) for collective analysis and the Z-dependence procedure are also presented in Table 1 (noted as emp.2). The collective and Z-dependence fits are also represented by a solid line in Figure 3 and by a surface in Figure 4 , respectively.
In addition, the total deviation of the experimental cross sections (σ exp ) from their corresponding fitted values ( σ emp ) for each element is expressed in terms of the root-mean-square error (ε rms ) , given by the following expression:
where N is the number of experimental data.
The values of ε rms (%) from the calculation of the empirical cross sections for elements with 60 ≤ Z ≤ 90 by using collective (Eqs. (2) and (4)) and Z-dependence (Eqs. (3) and (5)) procedures are presented in Table 2 . The Z-dependence fit is also represented by a surface.
Results and discussion
It can be seen from Table 2 that the values of the error related to the Z-dependence procedure are either enhanced when compared to the collective procedure ones (up to 30.37% from emp.1 calculation and up to 34.44% from emp.2 for 64 Gd) or a slight relative deviation is observed between them, except in some cases such as 68 Er, 69 Tm, and 70 Yb for which a small number of the available experimental data are observed (6 for 69 Tm and 9 for 70 Yb) or their spread, attributed to the various sources from which the experimental data have been collected, might be the reason for this deviation (for 68 Er).
In addition, we present, in Figure 5 , our results of the empirical cross sections from both collective (Eqs. (2) and (4)) and Z-dependence (Eqs. (3) and (5)) procedures for selected elements, namely 60 Nd, 68 Er, Figure 5 . Experimental cross sections and those deduced from collective (Eqs. (2) and (4)) and Z-dependence (Eqs.
(3) and (5)) procedures for selected elements as a function of proton energy.
73 Ta, 79 Au, 83 Bi, and 83 Th. In the same figure, we have incorporated the most recent available experimental data (Exp.) of the M-shell X-ray production cross sections for each element [13] [14] [15] 20] as a function of the proton energy. Affected by the atomic number (Z) as a parameter introduced (Eqs. (3) and (5)) in adjusting the distribution of the experimental data, the results related to the Z-dependence from both emp.1 or emp.2 procedures are close to each other (in the worst case the relative deviation between them up to 09.76% for 60 Nd; Table 2 . Root-mean-square error εrms (%) of the empirical cross sections for elements with 60 ≤ Z ≤ 90 by using collective (Eqs. (2) and (4)) and Z-dependence (Eqs. (3) and (5) for 90 Th ) and they are generally much closer to the experiment ones than those related to the collective one over the whole energy range of proton.
Finally, it must be emphasized that the fitting functions (Eqs. (2)- (5)) and their associated coefficients (r, r 0 , r 1 , r 2 , r 3 ) are only valid in the region of the used experimental data (energy proton from 0.1 to 4.0 MeV and 60 ≤ Z ≤ 90) and their extension might deduce erroneous results, which allows us to point out the need for further works to obtain a set of parameters by using a general unique formula (Z-dependence procedure) including other groups.
Conclusion
The available experimental data are used to deduce Z-dependence and collective empirical M-shell X-ray production cross sections for a wide range of heavy elements with 60 ≤ Z ≤ 90 by proton impact. Our results for selected heavy elements, namely 60 Nd, 68 Er, 73 Ta, 79 Au, 83 Bi, and 83 Th, are compared with experimental ones. The results related to the Z-dependence procedure are much closer to the experimental ones than those related to the collective one. Although both emp.1 and emp.2 Z-dependence cross sections tend generally towards the experimental data, the Z-dependence procedure by using the first method, emp.1, gives the better representation of the experimental data.
